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ABSTRACT 
A r e l a t i v e l y  inexpensive s h o r t  du ra t ion  t e s t  f a c i l i t y  is descr ibed  
i n  which extremely h i g h  Reynolds number flows a re  p r a c t i c a l  i n  the  sub- 
s o n i c ,  t r a n s o n i c ,  and supe r son ic  speed ranges .  B a s i c a l l y ,  the method 
desc r ibed  is a type of blowdown wind tunnel  i n  which t h e  a i r  s t o r a g e  
vessels have been rep laced  by a long tube f i l l e d  w i t h  h i g h  pressure gas .  
Upon b u r s t i n g  of a diaphragm, a s h o r t  d u r a t i o n  s t e a d y  f low i s  achieved 
behind the cen te red  r a r e f a c t i o n  f a n  which propagates  i n t o  the  supply  
tube.  Useful  t e s t i n g  may be accomplished du r ing  t h i s  per iod  by expand- 
ing  the gas  t o  the d e s i r e d  t e s t  condi t ion  by convent iona l  means. 
Experimental  r e s u l t s  a r e  presented i n d i c a t i n g  p r i m a r i l y  the  t r a n s i e n t  
s t a r t i n g  character is t ics  o f  a small s c a l e  p i l o t  model f a c i l i t y  t e s t e d .  
Exper imenta l ly  determined t e s t  data showed c l o s e  agreement with those p r e -  
d i c  ted  by uns teady  expans ion  theory .  
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SUMMARY 
A r e l a t i v e l y  inexpensive s h o r t  d u r a t i o n  t e s t  f a c i l i t y  is descr ibed  
i n  which extremely h igh  Reynolds number flows a r e  p r a c t i c a l  i n  t he  sub-  
s o n i c ,  t r a n s o n i c ,  and supersonic  speed ranges .  B a s i c a l l y ,  t he  method 
desc r ibed  i s  a type of blowdown wind  t unne l  i n  which the  a i r  s t o r a g e  
v e s s e l s  have been rep laced  by a long tube  f i l l e d  wi th  h igh  p res su re  gas  
Upon b u r s t i n g  of a diaphragm, a s h o r t  d u r a t i o n  s t eady  flow is  achieved 
behind the  centered  r a r e f a c t i o n  fan which propagates  i n t o  the  supply  
tube.  Useful t e s t i n g  may be accomplished dur ing  t h i s  per iod  by expand- 
ing the  gas  t o  the  des i r ed  t e s t  cond i t ion  by convent ional  means. 
Experimental  r e s u l t s  a r e  presented i n d i c a t i n g  p r imar i ly  the  t r a n s -  
i e n t  s t a r t i n g  c h a r a c t e r i s t i c s  of a small s c a l e  p i l o t  model f a c i l i t y  
t e s t e d .  Experimental ly  determined t e s t  d a t a  showed c l o s e  agreement w i t h  
those  p red ic t ed  by unsteady expansion theory .  
I. INTRODUCTION 
Designers  have long been faced w i t h  the  s o l u t i o n  of a number of 
Reynolds number dependent aerodynamic and thermodynamic problems i n  the  
des ign  and t e s t i n g  of l a r g e  b o o s t v e h i c l e s .  I n  many cases  i t  has been 
pe rmis s ib l e  t o  v i o l a t e  the Reynolds s i m i l a r i t y  l a w  when s c i t a b l e  t e s t  
f a c i l i t i e s  do n o t  e x i s t .  However, some aerodynamic problems, such  as 
loads  d i s t r i b u t i o n  a t  h igh  ang le s  of a t t a c k ,  shock-induced boundary 
l a y e r  s e p a r a t i o n ,  aerodynamic noise ,  and c e r t a i n  a s p e c t s  of  base hea t -  
i n g ,  seem t o  e x h i b i t  Reynolds number e f f e c t s  of an  unknown c h a r a c t e r  
and magnitude, even wi th  a tu rbu len t  boundary l a y e r  [ l ] .  To o b t a i n  data 
i n  t h e s e  a r e a s ,  MSFC proposed i n  1964 t h e  c o n s t r u c t i o n  of a r e l a t i v e l y  
inexpens ive  s h o r t  d u r a t i o n  blowdown wind tunnel,  based on the  Ludwieg tube 
w i n d  tunnel  concept ,  which would be capable  of s imula t ing  f u l l  s c a l e  
S a t u r n  v t r a j e c t o r y  Reynolds numbers, of  the  o rde r  of 1 x l o 9  based on 
v e h i c l e  l eng th ,  over a Mach number range  from 0.2 t o  4.0 f o r  t e s t  per iods  
of approximately 0.5 seconds.  
Figure 1 shows the  Reynolds number s imula t ion  requirements  of s e v e r a l  
c u r r e n t  launch v e h i c l e s ,  proposed f u t u r e  launch v e h i c l e s ,  and supe r son ic  
a i r c r a f t .  This f i g u r e  shows t h a t  Reynolds number s imula t ion  is  adequate  
a t  Mach numbers above 4.0,  and t h a t  the  prime Reynolds number d e f i c i e n c y  
e x i s t s  i n  t h e  t r a n s o n i c  and low supe r son ic  speed ranges where many ae ro -  
dynamic problems a r e  most pronounced. 
With these  f a c t o r s  i n  mind, a n a l y t i c a l  and experimental  s t u d i e s  have 
been conducted on a number of the  engineer ing  problems involved i n  such 
a f a c i l i t y  w i t h  emphasis i n  the  t r anson ic  a r e a .  A small p i l o t  model has 
been cons t ruc ted  t o  v e r i f y  exper imenta l ly  the f e a s i b i l i t y  of such  a 
f a c i l i t y ,  t o  check the  p r i n c i p l e  of o p e r a t i o n ,  and t o  a s s e s s  i t s  u s e f u l -  
ness .  Resul t s  of these  s t u d i e s  a r e  p re sen ted ,  a long  w i t h  a d e s c r i p t i o n  
of the p r i n c i p l e s  of ope ra t ion  of such  a f a c i l i t y .  
11. FACILITY CONCEPT 
The tube wind tunnel  w a s  suggested i n  1955 by Ludwieg [2 ] .  This 
type of f a c i l i t y  is e s s e n t i a l l y  a s i m p l i f i e d  blowdown wind tunnel  w i t h  
the  s t o r a g e  v e s s e l  or v e s s e l s  rep laced  by a long supply  tube.  S imi l a r  
p r i n c i p l e s  have been app l i ed  by Cornel1 Aeronaut ica l  Laboratory t o  
s imula t e  c e r t a i n  base hea t ing  cond i t ions  under MSFC Con t rac t  NAS8-823. 
The b a s i c  concept of t he  tube wind tunnel  is shown i n  Figure 2 where 
the  diaphragm is loca ted  upstream of the  nozz le .  When the  diaphragm is 
broken, a backward-facing centered  r a r e f a c t i o n  f an  propagates  i n t o  the  
supply  tube ,  s e t t i n g  the  gas i n  motion and lowering the  p r e s s u r e  and 
temperature  somewhat. The r a r e f a c t i o n  f a n  t r a v e l s  a long  the  supply  tube ,  
is r e f l e c t e d  o f f  the  closed end, and r e t u r n s  t o  the  nozz le  t h r o a t  where 
i t  is a g a i n  r e f l e c t e d  and the wave process  repea ted  f o r  s e v e r a l  c y c l e s .  
Also,  subsequent t o  the r u p t u r i n g  of the  diaphragm, a shock wave and 
con tac t  s u r f a c e  proceed downstream. Between t h e  t ime when the  nozzle-  
s t a r t i n g  process  has ended and when the  head of t he  r e f l e c t e d  r a r e f a c -  
t i o n  wave a r r i v e s  a t  the  nozz le  t h r o a t ,  u s e f u l  t e s t i n g  can be accomplished 
i n  the  t e s t  s e c t i o n  under cons t an t  r e s e r v o i r  cond i t ions .  Subsequent t e s t  
per iods  may be obtained a t  reduced r e s e r v o i r  cond i t ions  between 
r e - r e f l e c t e d  wave processes .  Normally, t h e  t e s t  gas would be d ischarged  
t o  the  atmosphere a f t e r  pass ing  through the  t e s t  s e c t i o n .  
I n  t h e  concept a c t u a l l y  advanced by Ludwieg, t he  diaphragm w a s  
employed downstream of the t e s t  s e c t i o n .  The wave process  f o r  such a 
case  i s  somewhat d i f f e r e n t ,  r e f l e c t i n g  a more complicated s t a r t i n g  
process .  For t h i s  case r a r e f a c t i o n  waves may pass through the  nozz le  
i n t o  the  supply tube only u n t i l  s o n i c  v e l o c i t y  i s  reached a t  the  t h r o a t .  
A t  t h i s  p o i n t ,  a normal shock wave forms and g r a d u a l l y  moves t o  the  
nozzle  e x i t .  The remainder of t he  r a r e f a c t i o n  f a n  weakens the  shock, 
and i t  i s  even tua l ly  swept through the  t e s t  s e c t i o n ,  commencing the  
per iod  of s teady flow .. 
2 
I .  
Locat ion  of the diaphragm a t  e i t h e r  of the p rev ious ly  mentioned 
s t a t i o n s  has i t s  own m e r i t s .  The phys ica l  s i z e ,  complexi ty ,  and c o s t  
would be less  f o r  a diaphragm loca ted  downstream of the  t e s t  s e c t i o n  
than f o r  a diaphragm loca ted  i n  the l a r g e r  d iameter  supply  tube.  For 
a n  upstream diaphragm l o c a t i o n  the  s t a r t i n g  shock and c o n t a c t  s u r f a c e  
genera ted  upon b u r s t i n g  of t h e  diaphragm pass  over  t he  t e s t  a r t i c l e  and 
can produce a s t a r t i n g  impulse.  This problem i s  avoided w i t h  a down- 
stream diaphragm s i n c e  the  d i s tu rbance  does n o t  p a s s  through the t e s t  
s e c t i o n .  However, t he  upstream diaphragm l o c a t i o n  a l lows  a cons ide rab ly  
f a s t e r  tunnel  s t a r t  t ime, and permits  the  p o s s i b l e  r e d u c t i o n  of model 
s t a r t i n g  loads  by the i n i t i a l  evacuat ion  of the  t e s t  s e c t i o n .  The p o s s i -  
b i l i t y  of  diaphragm p a r t i c l e s  s t r i k i n g  the  t e s t  a r t i c l e  must be cons idered  
w i t h  the  upstream l o c a t i o n ,  whereas s e v e r e  in s t rumen ta t ion  problems a r i s e  
i n  measuring s t a t i c  p res su res  i n  the supe r son ic  speed range when a down- 
s t r eam diaphragm i s  used. 
111. THEORY OF OPERATION 
The wave diagram shown i n  Figure 2 i n d i c a t e s  t he  i n c i d e n t  centered  
r a r e f a c t i o n  f a n  propagated i n  t h e  supply  tube a f t e r  ins tan taneous  b u r s t -  
i n g  of t he  diaphragm and i t s  pa th  a f t e r  be ing  r e f l e c t e d  o f f  the c losed  
end of t he  supply  tube.  It w i l l  be assumed that the  f low i n  the  con- 
s t a n t  d iameter  supply  tube i s  one-dimensional,  t he  t e s t  medium is a 
p e r f e c t  gas ,  and the f low ahead of the nozz le  en t r ance  i s  subsonic .  
For an  i s e n t r o p i c  f low t h e  v e l o c i t y  of a rearward- fac ing  wave ( C - )  
i n  t h e  ( x , t )  p l ane  i s  g iven  by 
dx - = u - a .  d t  
Along any c h a r a c t e r i s t i c ,  
u = cons t a n t  , 2a - -  
Y - 1  
a n d ,  a c r o s s  the e n t i r e  wave, 
'a + = cons tan t .  
Y - l  
S i m i l a r l y ,  f o r  a forward-facing wave (C,), t h e  v e l o c i t y  is  g iven  by 
- -  dx - u + a .  
d t  
Along any c h a r a c t e r i s t i c  
2a + u = c o n s t a n t ,  
Y - 1  
and , a c r o s s  t h e  e n t i r e  wave , 
- 2a - u = cons tan t .  
Y - 1  
( 4 )  
(5) 
Equations (1) through (6 )  a r e  fundamental r e l a t i o n s  f o r  s i m p l e  wave 
motion der ived from E u l e r ' s  momentum equat ion  and from t h e  equat ion  of 
c o n t i n u i t y  i n  many r e f e r e n c e s  [ e .g . ,  3 , 4 ] .  
Then f o r  a centered  r a r e f a c t i o n  wave moving t o  t h e  l e f t ,  t h e  C- 
c h a r a c t e r i s t i c s  a r e  s t r a i g h t  l i n e s  r a d i a t i n g  from the  o r i g i n  w i t h  a 
c h a r a c t e r  i s  t i c  s l o p e  : 
(7) 
X 
u - a .  - =  t 
I n  r e g i o n  (0)  the gas i s  a t  r e s t  (Uo = 0 ) ,  and from e q u a t i o n  ( 7 ) ,  t he  
v e l o c i t y  of t h e  head of t h e  i n c i d e n t  wave becomes 
X - =  -ao. 
t 
When the head 
supply tube,  i t  is 
t h e  r e f l e c t e d  wave 
of the r a r e f a c t i o n  wave reaches  t h e  c losed  end of t he  
r e f l e c t e d  as a r a r e f a c t i o n  wave. I n  t h e  r e g i o n  where 
passes  through t h e  i n c i d e n t  wave, t h e  process  is one 
of two equal r a r e f a c t i o n s  t r a v e l i n g  i n  o p p o s i t e  d i r e c t i o n s  i n t e r a c t i n g  
w i t h  each o the r .  
c h a r a c t e r i s t i c s  , 
I n  t h i s  r e g i o n  t h e  pa th  is  n o n l i n e a r  and f o r  t he  C+ 
4 
L 
dx - = = + a .  
d t  
The pa th  i n  the  (X,z) p lane  of the head of t h e  i n c i d e n t  r a r e f a c t i o n  wave 
a f t e r  r e f l e c t i o n  from the  end of the supply tube is g iven  by 
2 1- - a x =  ( a -  1) T - a z  ( 9 )  
Equation (9) has been developed in  t h e  appendix.  The s o l u t i o n  a p p l i e s  
on ly  between t h e  head and the  t a i l  of the  i n c i d e n t  r a r e f a c t i o n  wave. 
This is  s u f f i c i e n t ,  however, s i n c e  t h e  remaining p a t h  t o  t h e  r i g h t  f o r  
t he  c+ c h a r a c t e r i s t i c  i s  l i n e a r  as g iven  by the  r e l a t i o n  
The p o s i t i o n  i n  the  (X,z) p lane  where the  head of t he  r e f l e c t e d  r a r e -  
f a c t i o n  wave reaches  the  t a i l  of t he  i n c i d e n t  wave is g iven  by 
and 
The d e r i v a t i o n  of equat ions  (11) and (12)  may a l s o  be found i n  the  
appendix.  
Using equat ions  ( l o ) ,  ( ll),  and (12),  we f i n d  the  r e l a t i o n  f o r  t he  
t ime r equ i r ed  f o r  the head of the i n c i d e n t  wave t o  t r a v e l  t o  the  closed 
end of t he  supply tube,  r e f l e c t ,  and r e t u r n  t o  i t s  o r i g i n a t i n g  p o s i t i o n  
(T~). This i s  the  per iod of t i m e  when cons t an t  s t a g n a t i o n  cond i t ions  
e x i s t  a t  t h e  en t r ance  t o  t h e  nozzle  i f  t h e  diaphragm i s  loca ted  a t  t h e  
nozz le  en t r ance ,  and is g iven  by 
Equat ion (13)  is a l s o  der ived  i n  t h e  appendix.  
5 
To o b t a i n  t h e  cond i t ions  i n  r e g i o n  ( l) ,  we may, f o r  a rearward- 
f a c i n g  wave, use  equa t ion  (3)  t o  o b t a i n  cond i t ions  a c r o s s  the e n t i r e  
wave such  t h a t  
and s i n c e  the gas i s  a t  r e s t  i n  r e g i o n  (0) equa t ion  ( 1 4 )  becomes 
2a0 + u , = - .  2% 
y - 1  Y - 1  
The v a r i a t i o n  of the  v e l o c i t y  of sound w i t h  t h e  supply  tube Mach number 
may be found by r ea r r ang ing  equa t ion  (15) and s u b s t i t u t i n g  M, = u,/a, 
such tha  t 
which r e s u l t s  i n  
S i m i l a r l y ,  the v a r i a t i o n  of the  gas  v e l o c i t y  u w i t h  t h e  supply  tube Mach 
number may be found us ing  equat ions  (15) and (17)  
M, u1= 
a. l + F M , '  
Under the assumptions of i s e n t r o p i c  f low of a p e r f e c t  g a s ,  o t h e r  p a r a m -  
e t e r s  of s t a t e  r e l a t e d  t o  the  v e l o c i t y  of sound may be  obta ined:  
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It fo l lows  t h a t  the r e l a t i o n s h i p  between the  p re s su re  r a t i o  a c r o s s  t h e  
r a r e f a c t i o n  fan  and the supply tube Mach number is  g iven  by 
S i m i l a r l y ,  t he  temperature  r a t i o  becomes 
-2  I = ( l + y M I )  T . 
TO 
The s t a g n a t i o n  condi t ions  a t  the  en t r ance  t o  the  nozz le  a r e  those  
which would r e s u l t  from b r ing ing  the  flow behind the  i n c i d e n t  unsteady 
r a r e f a c t i o n  t o  r e s t .  Then using equat ions  (20) and ( 2 1 ) ,  i t  may be 
shown t h a t  
L 
(1 + y-l 2 Ml 7' 
y - 1  2 
TL 2 M1 
L - =  
*O 2 
(1 + Ml) / 
Thus ,  we s e e  from equat ions  (13),  (20), and ( 2 1 )  t h a t  the  per iod of 
s t e a d y  flow condi t ions  i n  the  supply tube and the  magnitude of the pres -  
s u r e  and temperature  a t  the  en t rance  of the  nozz le  a r e  dependent on ly  on 
t h e  r a t i a  of s p e c i f i c  h e a t s  of the t e s t  gas ,  the  i n i t i a l  condi t ions  i n  
t h e  supply  tube ,  and the  s u p p l y  tube Mach number. Fu r the r ,  the s u p p l y  
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tube Mach number is a f u n c t i o n  of t h e  r a t i o  of t he  supply tube area t o  
t h e  nozz le  t h r o a t  area,  def ined  i n  
b 1 
bib M, 
- = -  
,- 
y+l 
2 - 
r e f e r e n c e  5 as 
The r e l a t i o n s h i p  of t h e  s t a g n a t i o n  condi t ions  w i t h  r e s p e c t  t o  the  
i n i t i a l  supply tube condi t ions  is  shown i n  f i g u r e  3 as a f u n c t i o n  of 
supply tube Mach number f o r  y = 1 . 4 .  
t o  t h e  i n i t i a l  condi t ions  decreases  s t e a d i l y  w i t h  i n c r e a s i n g  supply  tube 
Mach number. The d u r a t i o n  of s t e a d y  f low a t  t h e  nozz le  e n t r a n c e  is shown 
i n  nondimensional form i n  f i g u r e  4 as a f u n c t i o n  of supply  tube Mach 
number. Again, t h e  e f f e c t  is a s t e a d i l y  decreas ing  t e s t  per iod as t h e  
supply  tube Mach number i n c r e a s e s ,  
The r a t e  of recovery w i t h  r e s p e c t  
This a n a l y s i s  n e g l e c t s  any e f f e c t s  of t h e  i n c i d e n t  shock wave and 
i n t e r f a c e  generated upon b u r s t i n g  of t h e  diaphragm. These e f f e c t s  a re  
considered small .  S t a r t i n g  c h a r a c t e r i s t i c s  of t h e  nozz le  and t e s t  sec- 
t i o n  f o r  a n  upstream diaphragm l o c a t i o n  a re  s imi l a r  t o  o t h e r  wind tunnel  
f a c i l i t i e s  and are no t  t r e a t e d  h e r e i n .  A d i s c u s s i o n  of t h i s  s u b j e c t  may 
be found i n  r e f e r e n c e  6 o r  r e f e r e n c e  7 ,  f o r  example. 
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I V .  DESCRIPTION OF PILOT MODEL FACILITY 
Schematic drawings ind ica t ing  a l l  major components and s e v e r a l  
component conf igu ra t ions  of the  p i l o t  model f a c i l i t y  a r e  shown i n  f i g -  
u re  5 .  
supe r son ic  7-degree-included-angle con ica l  nozzles  f o r  Mach numbers 
1 . 7  and 3.5,  a supe r son ic  and t r anson ic  t e s t  s e c t i o n  of 2.61-inch d i a m -  
e t e r ,  model and p res su re  probe support  u n i t ,  and a d i f f u s e r  f o r  con t ro l -  
l i n g  subsonic  Mach numbers. Flow w a s  i n i t i a t e d  by c u t t i n g  m u l t i l a y e r  
mylar diaphragms supported on a cruciform frame w i t h  an  a i r - o p e r a t e d  
punch housed w i t h i n  the  cruciform. Separa te  diaphragms could be mounted 
e i t h e r  upstream of the nozzle  o r  downstream of the  t e s t  s e c t i o n  depend- 
ing on the  t e s t  requirement .  When d e s i r e d ,  a s e t t l i n g  chamber w a s  
i n s t a l l e d  a t  the  nozz le  en t r ance ,  The supply tube l e n g t h  could be ’ 
v a r i e d  by us ing  a l t e r n a t e  combinations of the t h r e e  tube l eng ths  shown, 
depending on run-time requirements .  
Major components included the  s u p p l y  tube ,  a s o n i c  nozz le ,  
The porous w a l l  conf igura t ions  of the  t r a n s o n i c  t e s t  s e c t i o n  used 
e i t h e r  0.125-inch o r  0.250-inch diameter ho les  w i t h  a f ixed  p o r o s i t y  of 
2 2  pe rcen t .  A l l  ho les  were inc l ined  90 degrees  t o  the  t e s t  s e c t i o n  flow. 
Three plenum chamber volumes were t e s t e d  using 0.200- t o  1 .300-inch d iam-  
e t e r  meter ing  o r i f i c e s  i n  the four d i scha rge  l i n e s  t o  c o n t r o l  plenum 
f low and hence the f r e e  s t r eam Mach number. When using a downstream 
diaphragm c o n f i g u r a t i o n ,  plenum flow w a s  i n i t i a t e d  by a s e p a r a t e  d i a -  
phragm c u t t e r  synchronized wi th  the  primary diaphragm mechanism. 
Tes t s  were conducted a t  i n i t i a l  s u p p l y  tube p res su res  from 250 t o  
1000 p s i g  a l lowing  i n v e s t i g a t i o n  of Reynolds number e f f e c t s  on the  flow 
p rocesses .  Nitrogen w a s  used as the  t e s t  medium. 
The p i l o t  model f a c i l i t y  was i n s t a l l e d  i n  the  t e s t  c e l l  of the MSFC 
Impulse Base Flow F a c i l i t y  a l lowing d i scha rge  i n t o  a l a r g e  vacuum tank.  
This  permi t ted  ope ra t ion  a t  d i f f e r e n t  Reynolds numbers wi th  a cons tan t  
p r e s s u r e  r a t i o  and provided a convenient muff l ing chamber. 
V. EXPERDENTAL PROGRAM 
I n  a n  e f f o r t  t o  i n v e s t i g a t e  a number of t e c h n i c a l  problems assoc-  
i a t e d  wi th  a f a c i l i t y  of t h i s  type,  a p i l o t  s tudy  w a s  conducted wi th  
t h e  fo l lowing  ob jec t ives :  
( a )  Determinat ion of s t a r t  time f o r  t r a n s o n i c  as w e l l  as 
subsonic  and supersonic  Mach numbers. 
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Comparison of performance w i t h  t h e o r e t i c a l  p r e d i c t i o n s .  
I n v e s t i g a t i o n  of Reynolds number e f f e c t s  on flow 
processes .  
Comparison of s t a r t i n g  t i m e s  f o r  upstream and downstream 
d iaphragm 1 oca t ions .  
Assessment of t h e  e f f e c t  of supply  tube t o  nozz le  t h r o a t  
area c o n t r a c t i o n  r a t i o s  on performance. 
I n v e s t i g a t i o n  of the  e f f e c t  of porous w a l l  ho le  s i z e  on 
the t r a n s o n i c  s t a r t i n g  process  a t  cons t an t  p o r o s i t y .  
I n v e s t i g a t i o n  of s t a r t i n g  loads  a s s o c i a t e d  w i t h  u p s t r e a m  
and downstream diaphragm l o c a t i o n s .  
Assessment of the e f f e c t  of a s e t t l i n g  chamber loca t ed  
ahead of the nozz le  inc reas ing  the  c o n t r a c t i o n  r a t i o  a t  
t h i s  po in t .  
Supply tube cond i t ions  were eva lua ted  by measuring the  s t a t i c  p re s -  
s u r e  a t  two p o s i t i o n s  a long  t h e  tube as a f u n c t i o n  of t ime. S t agna t ion  
p res su re  was  der ived  by knowledge of t h e  t h e o r e t i c a l  supply  tube Mach 
number and the s t a t i c  pressure  measured a t  a p o i n t  near  t h e  nozz le  
en t r ance  by means of t he  fo l lowing  r e l a t i o n  [5]:  
where the  s u p p l y  tube Mach number is obta ined  from equa t ion  (24) .  
For subsonic  t e s t s ,  s t a t i c  p re s su res  were measured w i t h  a probe 
loca ted  on the t e s t  s e c t i o n  c e n t e r l i n e .  Equat ion (25) w a s  u s e d  t o  
e v a l u a t e  the  t e s t  s e c t i o n  Mach number once t h e  s t a g n a t i o n  p res su re  had 
been computed. I n  a similar manner, t he  t e s t  s e c t i o n  Mach number was 
obta ined  f o r  supe r son ic  t e s t s  from c e n t e r l i n e  p i t o t  probe measurements 
from the  fol lowing r e l a t i o n  [ 5 ] :  
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Test  s e c t i o n  Mach number w a s  determined f o r  t r a n s o n i c  t e s t s  d i r e c t l y  
from c e n t e r l i n e  P i t o t - s t a t i c  probe measurements us ing  the  fo l lowing  
r e l a t i o n  [ 5 ] :  
S t a r t i n g  times were de f ined  by measuring the  time when t h e  v a r i o u s  
p re s su res  f i r s t  responded t o  t h e  s t a r t i n g  process  u n t i l  t he  t e s t  s e c t i o n  
Mach number and flow p r o p e r t i e s  became completely i n v a r i a n t  w i th  r e s p e c t  
t o  time. Only ve ry  small changes occurred i n  the  t e s t  s e c t i o n  flow 
dur ing  the  l a s t  25 pe rcen t  or  s o  of t h e  measured s t a r t i n g  per iod .  
During subsonic  and supersonic  t e s t s ,  two s t a t i c  p re s su res  were 
measured a long  the  t e s t  s e c t i o n  walls as a secondary means of determin-  
ing t h e  f low p r o p e r t i e s .  Four s t a t i c  p re s su res  were measured a t  p o i n t s  
w i t h i n  the  plenum chamber dur ing  t r a n s o n i c  t e s t i n g  t o  s tudy  the  time 
dependency of t he  s t a r t i n g  process w i t h  r e s p e c t  t o  t h e  ad jus tment  of 
plenum flow. 
A l l  p r e s su res  were measured wi th  h igh  response p re s su re  t r ansduce r s  
and the  d a t a  recorded on a n  F.M. tape  system. A t  the  conclus ion  of each 
r u n ,  t h e  d a t a  were read  o u t  on a d i r e c t  w r i t i n g  o s c i l l o g r a p h  a l lowing  
comparison a t  a c m o n  t i m e  base ,  
An a t t empt  was made t o  determine an  approximate r e l a t i o n s h i p  between 
s t a r t i n g  and running loads  f o r  a cone cy l inde r  f rustum type model s i m i l a r  
t o  Sa tu rn  type space v e h i c l e s .  The small 0.261-inch d iameter ,  2.448-inch 
l e n g t h  model w a s  mounted on a one-component s t r a i n  gage ba lance  capable  of 
measuring bending moment i n  t h e  p i t c h  plane.  A view of t h i s  model i s  shown 
i n  f i g u r e  6 .  The r a t i o  of t he  maximum bending moment occur r ing  dur ing  the  
s t a r t i n g  process  t o  t h a t  e x i s t i n g  du r ing  the  per iod of s t e a d y  f low was 
measured a t  an  angle  of a t t a c k  of 10 degrees .  I n  g e n e r a l ,  t he  measure- 
ments were s u b j e c t  t o  l a r g e  dynamic e f f e c t s ,  and being wi thou t  i n e r t i a l  
compensation, they were n o t  s u i t a b l e  f o r  reasonable  q u a n t i t a t i v e  r e s u l t s .  
However, through jud ic ious  f a i r i n g  and averaging of t he  v i b r a t i o n a l  
envelopes ,  some q u a l i t a t i v e  r e s u l t s  could be obta ined .  
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V I .  RESULTS AND DISCUSSION 
Tes t s  were conducted us ing  diaphragms loca ted  e i t h e r  upstream of 
t h e  nozz le  o r  downstream of the  t e s t  s e c t i o n .  During t r a n s o n i c  t e s t s ,  
t h r e e  d i f f e r e n t  plenum volumes were employed, and a s e r i e s  of t es t s  were 
conducted with a s i n g l e  plenum volume i n  which two d i f f e r e n t  porous w a l l  
ho le  s i z e s  were used. Also,  f o r  c e r t a i n  runs a s e t t l i n g  chamber was 
i n s t a l l e d  upstream of the  nozz le .  Subsonic and supe r son ic  conf igu ra t ions  
were a l s o  t e s t e d .  Data were obta ined  f o r  each c o n f i g u r a t i o n  a t  250, 500, 
750, and 1000 p s i g  i n i t i a l  supply  tube p res su re .  
The genera l  comment can be made t h a t  a l l  Reynolds number e f f e c t s  on 
the  t e s t  da ta  were n e g l i g i b l e ,  as might we l l  be expected.  Accordingly,  
t he  da ta  presented a r e  the  average  of t he  va lues  obta ined  a t  the  va r ious  
Reynolds numbers. An envelope of t e s t  Reynolds numbers i s  shown i n  
f i g u r e  7 .  
F igure  8 compares the  s t a r t i n g  c h a r a c t e r i s t i c s  of t he  upstream and 
downstream diaphragm l o c a t i o n s  f o r  each 0.250-inch-diameter pe r fo ra t ed -  
w a l l  t r a n s o n i c  t e s t  s e c t i o n  c o n f i g u r a t i o n  s t u d i e d .  The subsonic  r e g i o n  
shown i s  of academic i n t e r e s t  i n  t h a t  subsonic  flows would normally be 
genera ted  by choking downstream of the  t e s t  s e c t i o n .  This  r e g i o n  r e f l e c t s  
the  process  of  removing the  t e s t  s e c t i o n  boundary l a y e r .  Thus, f u r t h e r  
d i s c u s s i o n  w i l l  be  d i r e c t e d  toward the  t r a n s o n i c  r eg ion .  A longer  s t a r t -  
ing process  is ind ica t ed  f o r  a downstream diaphragm l o c a t i o n .  For plenum 
volume 1, the s t a r t i n g  process  f o r  t he  downstream diaphragm l o c a t i o n  
r equ i r ed  approximately 25 pe rcen t  more t ime a t  Mach number 1 . 0  than the 
upstream l o c a t i o n ;  while  a t  Mach number 1 . 2  the d e v i a t i o n  has  inc reased  
t o  approximately 120 percent .  With a downstream diaphragm, the  plenum 
chamber and the supply  tube a r e  i n i t i a l l y  a t  t he  same p res su re .  A s  t h e  
f r e e  stream Mach number is  increased  (by i n c r e a s i n g  the  o r i f i c e  d i ame te r ) ,  
the  requi red  m a s s  f low through the  porous w a l l  i n c r e a s e s ,  and t h e  f r e e  
s t ream s t a t i c  p res su re  dec reases ,  r e q u i r i n g  a l a r g e r  change i n  the  plenum 
pres su re  l eve l  from t h e  i n i t i a l  v a l u e .  A s  shown i n  f i g u r e  8 ,  t hese  r e q u i r e -  
ments r e s u l t  i n  a s t e a d i l y  inc reas ing  s t a r t  time f o r  a downstream diaphragm 
l o c a t i o n ,  as the  f r e e  stream Mach number is  i n c r e a s e d ,  t h e  f r e e  stream 
s t a t i c  p res su re  more nea r ly  approaches the  i n i t i a l  plenum chamber v a l u e ,  
which may be a tmospher ic  o r  perhaps below. Although t h e  r equ i r ed  porous- 
w a l l  mass flow f o r  a given  Mach number is  i d e n t i c a l  t o  t h e  downstream case ,  
f i g u r e  8 ind ica t e s  the t e s t  s e c t i o n  f low and hence t h e  plenum f low a d j u s t s  
more quick ly .  S i m i l a r  r e s u l t s  a r e  i n d i c a t e d  f o r  each plenum volume con- 
f i g u r a t i o n  t e s t e d .  Transonic  Mach numbers as h i g h  as 1.32 were produced 
f o r  t hese  conf igu ra t ions  a f t e r  s t a r t i n g  p e r i o d s  of  50 m i l l i s e c o n d s  o r  l ess .  
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It is appa ren t  i n  f i g u r e  8 and subsequent  f i g u r e s  that, i n  t h e  
v i c i n i t y  of Mach number 1 .3 ,  choking of t h e  pe r fo ra t ed  wal ls  occur s ,  
thus r e s t r i c t i n g  f u r t h e r  i nc rease  in  f low through the  w a l l .  The r e s u l t  
is t h a t ,  once choked flow is e s t a b l i s h e d ,  no f u r t h e r  i n c r e a s e  i n  t e s t  
s e c t i o n  Mach number is p o s s i b l e ,  and  f u r t h e r  i nc rease  i n  t h e  s i z e  of 
the  meter ing  o r i f i c e s  i n  the  plenum exhaus t  on ly  permi ts  t h e  plenum flow 
t o  a d  j u s t  more r a p i d l y ;  consequent ly ,  t he  s t a r t  time dec reases  accord ingly  
A c ros s  p l o t  i n d i c a t i n g  the  t r anson ic  s t a r t i n g  c h a r a c t e r i s t i c s  as a 
f u n c t i o n  of plenum volume is shown i n  f i g u r e  9.  I n  g e n e r a l ,  t h e  s t a r t i n g  
c h a r a c t e r i s t i c s  when using a diaphragm loca ted  upstream of the  nozzle  
v a r i e d  somewhat l i n e a r l y  wi th  plenum volumes, and f o r  a g iven  plenum 
volume l e s s  s t a r t  time w a s  requi red  as the  Mach number inc reased .  When 
us ing  a downstream diaphragm, the  e f f e c t  of plenum volume i s  more s i g n i -  
f i c a n t ,  p a r t i c u l a r l y  a t  the  lower volumes , which obviously produce' h igher  
plenum v e l o c i t i e s .  
ma in ta in ing  the  plenum volume a t  the a b s o l u t e  minimum c o n s i s t e n t  w i t h  
reasonable  t e s t  s e c t i o n  flow. A l s o ,  i n  t he  downstream diaphragm case ,  
a t  a g iven  plenum volume, more s t a r t  time was r equ i r ed  as the  Mach number 
inc reased .  
I n  t h i s  case much more b e n e f i t  can be der ived  by 
The e f f e c t  on s t a r t i n g  c h a r a c t e r i s t i c s  of d i f f e r e n t  t e s t  s e c t i o n  
porous w a l l  ho le  s i z e s  is shown i n  f i g u r e  10 f o r  ho le s  of 0.125-inch and 
0.250-inch diameter  and a p o r o s i t y  of 2 2  pe rcen t .  A l l  ho le s  were perpen- 
d i c u l a r  t o  the  t e s t  s e c t i o n  flow. A s  would be expected,  t h e  sma l l e r  ho les  
produced longer  s t a r t i n g  t r a n s i e n t s .  However, f o r  reasons  n o t  p r e s e n t l y  
understood,  the  t e s t  s e c t i o n  wal l s  w i t h  the  sma l l e r  ho le s  remained 
unchoked up  t o  the  l i m i t  of f law through the  plenum exhaus t  f o r  bo th  
t h e  u p s t r e a m  and downstream diaphragm cases  , even though t e s t  s e c t i o n  
w a l l s  w i th  ho le s  of 0.250-inch diameters  choked a t  a Mach number of 
approximately 0.15 l e s s  than w a s  achieved by unchoked w a l l s  w i t h  the 
s m a l l e r  h o l e s .  
Resu l t s  of t e s t s  i n  t h e  subsonic  and supe r son ic  conf igu ra t ions  are 
shown i n  f i g u r e  11. I n  each case,  d a t a  a r e  a v a i l a b l e  f o r  on ly  two Mach 
numbers, and the  ind ica t ed  s t a r t - t i m e  change wi th  Mach number is  perhaps 
l e s s  than the  accuracy  of measurement. It would be expected t h a t  each 
of t hese  cases  would s ta r t  i n  l e s s  time than the  t r a n s o n i c  t e s t  s e c t i o n  
a t  a n  e q u i v a l e n t  Mach number. This r e s u l t  appears  t r u e  when compared 
w i t h  the  supe r son ic  t e s t  s e c t i o n  data. However, t h e  i n d i c a t i o n s  are  
t h a t  the  s t a r t i n g  t r a n s i e n t  f o r  the subsonic  t e s t  s e c t i o n  a t  Mach number 
0 .7  is  g r e a t e r  than t h a t  obtained i n  the  t r anson ic  t e s t  s e c t i o n  a t  
approximate ly  the  same Mach number. 
Adding a s e t t l i n g  chamber of proper  c o n t r a c t i o n  r a t i o  t o  provide 
good t e s t  s e c t i o n  flow a l lows  a reduc t ion  i n  supply tube s i z e  and a 
cor respondingly  lower c o s t  f o r  siich a facility. Figure  1 2  shows the  
e f f e c t  on s tar t  time c h a r a c t e r i s t i c s  of a s e t t l i n g  chamber i n s t a l l e d  
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upstream of the  nozz le .  Apparent ly ,  t h e  flow requ i r ed  t o  f i l l  t he  
s e t t l i n g  chamber when using a n  upstream diaphragm predominates the  pro-  
cess  and the s t a r t  time is  increased  by approximately 2 t o  4 t imes t h a t  
r equ i r ed  without  a s e t t l i n g  chamber. A t  the  downstream diaphragm loca-  
t i o n ,  t he  s e t t l i n g  chamber is i n i t i a l l y  charged t o  the  same p r e s s u r e  as 
t h e  s u p p l y  tube ,  and only a s m a l l  p r e s su re  adjustment  is r equ i r ed  a f t e r  
passage of t h e  expansion f an .  A s  shown i n  f i g u r e  1 2 ,  the  change i n  s t a r t  
time f o r  the downstream diaphragm conf igu ra t ion  t e s t e d  wi th  s e t t l i n g  
chamber was unde tec t ab le  when compared t o  d a t a  obtained wi thout  the  
s e t t l i n g  chamber. 
To a l low a more gene ra l  comparison, the  s t a r t  time data from each 
t e s t  s e c t i o n  are summarized i n  f i g u r e  1 3 .  For t h i s  comparison plenum 1 
has been used f o r  t r a n s o n i c  d a t a ,  and a l l  d a t a  presented  i s  f o r  t he  
case  without  a s e t t l i n g  chamber. 
Theore t i ca l  and expet imental  recovery p res su res  i n  the  supply  tube 
a r e  compared i n  f i g u r e  14. Agreement between the  two is  considered good. 
Lower c o n t r a c t i o n  r a t i o s  of the  supply  tube t o  the  s o n i c  t h r o a t  produce 
inc reas ing  supply  tube Mach numbers and decreas ing  recovery  p r e s s u r e s .  
Figure 1 5  shows the  r e l a t i o n s h i p  between the  t h e o r e t i c a l  s t e a d y  flow 
time a v a i l a b l e  i n  the supply tube and the  exper imenta l ly  determined 
s t eady  flow time. S ince  no temperature  measurements were ob ta ined ,  the  
i n i t i a l  speed of sound of the  supply  tube gas  w a s  deduced from the  ve loc -  
i t y  of t he  head of the  i n c i d e n t  r a r e f a c t i o n  wave us ing  equat ion  ( 7 )  and 
the  cond i t ion  uo = 0. I n  many cases  the  experimental  da ta  were obta ined  
a t  small but s i g n i f i c a n t  d i s t a n c e s  from the  diaphragm c u t t e r ,  and the  
data were c o r r e l a t e d  using equat ions  ( 7 )  and (10) t o  inc lude  the time of 
passage over t h i s  d i s t a n c e  by the  head of the  i n c i d e n t  r a r e f a c t i o n  wave 
and by t h e  head of t he  r e f l e c t e d  r a r e f a c t i o n .  The experimental  da ta  show 
reasonably  good agreement wi th  one-dimensional theory .  A s  was the  case  
wi th  s u p p l y  recovery  p r e s s u r e s ,  the  time of s t e a d y  flow i n  the supp ly  tube 
decreased with inc reas ing  supply  tube Mach number, b u t  t o  a l e s s e r  degree .  
Because of t h e  small s i z e  of the  t e s t  hardware,  the  p r e c i s e  measure- 
ment of model s t a r t i n g  loads  w a s  considered i m p r a c t i c a l .  However, i t  
seemed that a n  assessment  of s t a r t i n g  load t r ends  could be obta ined  by 
measuring the r e l a t i o n s h i p  of t he  bending moment e x i s t i n g  i n  a f l e x u r e  
loca ted  immediately behind a t y p i c a l  model dur ing  the  s t a r t i n g  process  
t o  the  bending moment e x i s t i n g  dur ing  the  per iod of s t e a d y  flow. A 
model t y p i c a l  of Sa turn  type v e h i c l e s  w a s  t e s t e d ,  and the  d a t a  were 
obtained without  the b e n e f i t  of  i n e r t i a l  compensation. I n  g e n e r a l ,  t he  
d a t a  were s u b j e c t  t o  high dynamics, and j u d i c i o u s  f a i r i n g  and ave rag ing  
of the  v i b r a t i o n a l  envelopes were r equ i r ed  t o  o b t a i n  the  r e s u l t s  shown 
i n  f i g u r e  16. Because of t h e i r  q u a l i t a t i v e  n a t u r e ,  t hese  da ta  a r e  p re -  
sen ted  as two bands,  one f o r  the  upstream diaphragm and the  o t h e r  f o r  
the  downstream diaphragm. I n  each case  the  lower l i m i t  of t he  band w a s  
obtained a t  an i n i t i a l  supply tube p r e s s u r e  of 65 p s i a ,  the  upper l i m i t  
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a t  a p res su re  of 265 p s i a ,  which was t h e  maximum used f o r  i n v e s t i g a t i o n  of 
s t a r t i n g  l o a d s ,  and s t a r t i n g  loads  increased  wi th  p re s su re .  
the  downstream diaphragm d a t a  band behaves much l i k e  a convent ional  blow- 
down wind tunnel  w i th  a l e v e l  s t e a d i l y  i n c r e a s i n g  wi th  Mach number. With 
a n  upstream diaphragm l o c a t i o n ,  appa ren t ly  the  i n i t i a l  d i s tu rbance  of the  
shock wave and the  ensuing i n t e r f a c e  propagated upon b u r s t i n g  of t he  
diaphragm s i g n i f i c a n t l y  in f luences  the  unsteady model loads.  
ca se ,  the  da ta  band is  a t  a maximum i n  the  subsonic  range and f a l l s  con- 
t i n u a l l y  w i t h  Mach number. 
somewhat lowered the s t a r t i n g  loads f o r  the  upstream diaphragm case.  
I n  g e n e r a l ,  
I n  t h i s  
The i n i t i a l  evacuat ion  of the t e s t  s e c t i o n  
V I I .  CONCLUSIONS 
The r e s u l t s  of t h i s  s t u d y  i n d i c a t e  the  f e a s i b i l i t y  of producing 
s h o r t  d u r a t i o n  t r a n s o n i c  flows by means of t h e  tube wind tunnel  concept .  
S t a r t i n g  t imes ranged from 10 t o  50 mi l l i s econds  f o r  Mach numbers t o  as 
h igh  as 1 . 4 3 .  Because of t he  s m a l l  s i z e  of the  t e s t  hardware, no measure 
of shock c a n c e l l a t i o n  p r o p e r t i e s  could be obta ined .  However, i t  is  
envis ioned that f u t u r e  t e s t s  w i th  l a r g e r  t e s t  s e c t i o n  s i z e  w i l l  i n d i c a t e  
t h e  degree of shock c a n c e l l a t i o n .  
s o n i c  t e s t i n g  i n  such a f a c i l i t y  is a l s o  ind ica t ed .  
The f e a s i b i l i t y  of subsonic  and super -  
Fu r the r  s tudy  is requi red  i n  t h e  op t imiza t ion  of the  pe r fo ra t ed  
w a l l  con f igu ra t ion .  
The mod i f  i c a  t ion of Ludwieg' s concept  t o  a n  ups  tream d iaphragm, 
w i t h  a corresponding s i m p l i f i c a t i o n  of the  wave process  , r e s u l t s  i n  
s t a r t i n g  t imes as much as 55 percent  lower than  wi th  the  downstream d i a -  
phragm. 
l e s s  s e n s i t i v e  t o  inc reases  i n  plenum volume, and would, f o r  equ iva len t  
s t a r t  t imes ,  a l low lower plenum v e l o c i t i e s  and perhaps b e t t e r  t e s t  s ec -  
t i o n  flow p r o p e r t i e s .  
s t a r t i n g  load pena l ty  i n  the  subsonic  and t r a n s o n i c  Nach nuxber ranges .  
Also  the  t r anson ic  start  t ime w i t h  an  upstream diaphragm appears  
However, t h i s  mod i f i ca t ion  appears  t o  r e s u l t  i n  a 
The use of a s e t t l i n g  chamber ahead of the  nozzle  had a n e g l i g i b l e  
e f f e c t  on s ta r t  times when used with a downstream diaphragm, b u t  when 
used w i t h  a n  upstream diaphragm, approximately 2 t o  4 times more s ta r t  
t i m e  w a s  r equ i r ed .  
Unsteady expansion theory  and experimental  measurements show good 
agreement over  t he  range of c o n t r a c t i o n  r a t i o s  s tud ied .  
e f f e c t s  on the  va r ious  flow processes  were n e g l i g i b l e  f o r  supply  tube 
p r e s s u r e s  from 250 t o  1000 psia. 
Reynolds number 
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While t h e  problem of ana lyz ing  t h e  unsteady nozz le  and t e s t  s e c t i o n  
s t a r t i n g  process  is a d i f f i c u l t  one,  p a r t i c u l a r l y  i n  the  case  of t r a n s o n i c  
f lows ,  such a s tudy  would be  of g r e a t  va lue  i n  opt imiz ing  t h i s  type of 
s h o r t  d u r a t i o n  f a c i l i t y .  It  is hoped that  such a s tudy  can be made i n  
t h e  n e a r  f u t u r e .  Such a n a l y s i s  should i n v e s t i g a t e  the  p r a c t i c a b i l i t y  of 
a f r e e  j e t  t e s t  s e c t i o n .  I f  s u i t a b l e ,  such  a t e s t  s e c t i o n  would a l l o w  
o p t i c a l  flow v i s u a l i z a t i o n  techniques i n  a three-dimensional  f low f i e l d  
wi thou t  producing r e f l e c t e d  d i s tu rbances  from the window w e l l s .  
Although th i s  i n v e s t i g a t i o n  w a s  no t  intended t o  be a d e t a i l e d  para- 
m e t r i c  s tudy  of the  va r ious  problems involved w i t h  such a f a c i l i t y  and 
much work remains t o  be done, the b a s i c  concept  of producing s h o r t  dura-  
t i o n  t r anson ic  f lows,  as w e l l  as subsonic  and supe r son ic  f lows ,  i n  a tube 
wind tunnel  appears  t o  have cons ide rab le  m e r i t .  
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APPENDIX 
It is  d e s i r e d  t o  determine i n  c losed  form the  pa th  of  t he  head of 
the  i n c i d e n t  r a r e f a c t i o n  wave a f t e r  r e f l e c t i n g  o f f  t he  c losed  end of 
t h e  supply tube ,  t h e  p o s i t i o n  a t  which t h e  r e f l e c t e d  head of t he  i n c i d e n t  
wave over takes  the  t a i l  of the inc iden t  wave, and f i n a l l y  t h e  per iod  i n  
which s t eady  f low e x i s t s  i n  the  supply tube a t  the  nozz le  en t r ance .  
These parameters  can be determined by the  method of c h a r a c t e r i s t i c s .  
It  w i l l  be convenient  t o  t r a n s f e r  subsequent  d i s c u s s i o n  t o  the  nondimen- 
s i o n a l  (X,z) plane as shown below: 
-1 
The d i r e c t i o n  of a C- c h a r a c t e r i s t i c  i n  t h e  ( X , T )  p lane  i s  f o r  a 
cen te red  wave g iven  by 
- -  X U - A ,  
z (A-1) 
where U and A are l o c a l  dimensionless  v a l u e s  of t he  pa r t i c l e  and a c o u s t i c  
speeds .  Fu r the r  , 
U +  (A-2) 
41 
Since  the gas  i n  the  supply  tube is  i n i t i a l l y  a t  r e s t ,  Uo is zero ,  and 
equa t ion  (A-2) becomes 
Combining equat ions  (A-1)  and (A-3) r e s u l t s  i n  
u = [ ; + l ] y . l  2 
and 
(A-4) 
(A-5) 
To determine the equat ion  of t he  pa th  of t he  r e f l e c t e d  head of the  
i n c i d e n t  wave through the  p o i n t  ( -1 ,  1) i n  the  (X,z) plane u n t i l  i t  
reaches  the t a i l  of t he  i n c i d e n t  wave, we m u s t  s o l v e  the  equat ion  of 
motion f o r  t h e  f i r s t  r e f l e c t e d  C+ c h a r a c t e r i s t i c  where U and A a r e  g iven  
by equat ions (A-4) and (A-5). I n  t h i s  i n t e r v a l ,  non l inea r  i n t e r a c t i o n  of 
the  C+ and C, c h a r a c t e r i s t i c s  occurs .  Then, f o r  the f i r s t  r e f l e c t e d  
c h a r a c t e r i s  t i c ,  
- d X = U + A .  
d.r (A-6) 
Equat ion (A-6) when combined wi th  equat ions  (A-4) and (A-5) becomes 
and i t  fol lows t h a t  
dX+ r-3 x = 4 .  
d.r [ y + l ] z  y + l  
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This is  a f i r s t  o rde r  l i n e a r  d i f f e r e n t i a l  equat ion  and may be r e a d i l y  
solved once the  i n t e g r a t i n g  f a c t o r  
y-3 
T Y + l  
has been determined. Mul t ip ly ing  equa t ion  (A-8) by t h i s  i n t e g r a t i n g  
f a c t o r  y i e l d s  
- Y- 3 y-3 
Y + l d X +  y -  3 T d z  [ y  + 11 xT 
2 5  
The l e f t  member is the  d e r i v a t i v e  of X T ~ + '  w i t h  r e s p e c t  t o  T; thus 
i n t e g r a t i o n  of equat ion  (A-9)  r e s u l t s  i n  the fol lowing s o l u t i o n :  
Y - 3  r-3 1 (y+l+ 1) 
+ c,. XTY+l = [*I [ ] T y-3+ 1 
Y + l  
Rearranging equa t ion  (A-10) r e s u l t s  i n  t h e  r e l a t i o n  
(A- 9 1 
(A- 10) 
(A-11) 
where C, is a cons t an t  of i n t e g r a t i o n  which may be  eva lua ted  from the  
boundary c o n d i t i o n  t h a t  X = -1 when T = 1. This cond i t ion  y i e l d s  
and equa t ion  (A-11) becomes 
(A-12)  
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This s o l u t i o n  r e p r e s e n t s  the  p a t h  of the  f i r s t  r e f l e c t e d  c h a r a c t e r i s t i c  
and a p p l i e s  only between the  head and the  t a i l  of t he  i n c i d e n t  r a r e f a c -  
t i o n  wave. It is convenient  t o  w r i t e  equat ion  (A-12) as a f u n c t i o n  of 
the  parameter 
such tha  t 
1 - 2 a - 1  x =  (a- 1) ‘ I - a z  (A-13) 
Now knowing the  p a t h  of t he  r e f l e c t e d  head of the i n c i d e n t  wave, we can 
determine t h e  time a t  and p o s i t i o n  i n  which i t  over takes  the  t a i l  of 
t he  inc iden t  wave. Along the  t a i l  of t he  i n c i d e n t  wave 
From equat ion  (A-3), we s e e  t h a t  
and, from equat ion  (19) i n  the  t e x t ,  
- Y-1 
a, 
a O  
- = (P,/P,)2y . 
(A- 14)  
(A- 15) 
(A- 16)  
Combining equat ions (A-15) and (A-16), we f i n d  t h a t  
(A-17) 
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. 
From equat ions  (A-15) and (A-17) ,  we s e e  that 
(A-18) 
A t  t h e  p o s i t i o n  where t h e  r e f l e c t e d  head of t he  i n c i d e n t  wave over takes  
t h e  t a i l  of the  i n c i d e n t  wave, 
x = xi, T =  T i’ 
and equat ion  (A-14) becomes 
Therefore ,  by us ing  (A-17) and (A-18) ,  equa t ion  (A-19) takes  the  form 
xi = ra L - 1 - a! (P1/Po>q Ti, 
where 
y-l 
B =  2y 
Also ,  from equat ion  (A-13) , 
(A- 20) 
(A-21) 
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Thus, equat ions (A-20)  and (A-21)  may be solved f o r  the  l o c a t i o n  of t h e  
p o i n t  of  i n t e r s e c t i o n  (Xi, T ~ ) .  Then combining these  r e l a t i o n s ,  we 
ob ta i n  
-@/2 
5 i = (P1/Po) , 
and i t  fol lows t h a t  
(A-22)  
(A-23)  
Since the  p o s i t i o n  i n  the  (X,z) plane where the  r e f l e c t e d  head of t he  
i n c i d e n t  wave over takes  the  t a i l  of t he  i n c i d e n t  wave is  now known, we 
may determine the  per iod of time -cr r equ i r ed  f o r  the  head of t he  i n c i d e n t  
r a r e f a c t i o n  t o  r e t u r n  t o  i t s  p o s i t i o n  of o r i g i n ,  and thus t h e  d u r a t i o n  of 
s t eady  flow i n  t h e  supply tube ,  as fol lows:  
5 = 5 + [ar  - T i l .  (A- 24) r i 
The q u a n t i t y  ( T r  - - c i )  can be determined from equa t ion  (A-6)  s i n c e  t h e  
remaining pa th  of the  C+ c h a r a c t e r i s t i c  is  a s t r a i g h t  l i n e ,  and U,, Al,  
and Xi a r e  def ined  by equat ions  ( A - 1 7 ) ,  ( A - 1 8 ) ,  and ( A - 2 3 ) .  Thus, 
*i 
5 = 9  - r i U , + A , *  (A- 25) 
S u b s t i t u t i n g  equat ions  (A-17), (A-18)  , and ( A - 2 2 )  i n t o  equa t ion  ( A - 2 5 )  
y i e l d s  
1 + q M ,  ' 1 +-MI 
(A- 26) 
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M,, and s u b s t i t u t e  i n t o  equat ion  Y - 1  I f  we d e f i n e  the q u a n t i t y  D = 1 + 7
(A-26) t he  va lue  of Pl/Po obtained from equa t ion  (20) ,  we o b t a i n  the  
fo l lowing  r e s u l t :  
A f t e r  s i m p l i f i c a t i o n ,  i t  may be  shown t h a t  t h i s  r e l a t i o n  becomes 
which is the  per iod of time des i r ed .  
(A- 27 )  
(A- 28) 
. 
. 
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